A weighted Sobolev space theory of parabohc 
stochastic PDEs on non-smooth domains 

Kyeong-Hun Kim* 
Abstract 

In this paper wc study parabolic stochastic partial differential equations (see equation 
defined on arbitrary bounded domain O C M'* allowing Hardy inequality: 

p-^9\^dx<C f \g,\^dx, VgeC^iO), (0.1) 
o Jo 

where p{x) = dist(.T, dO). Existence and uniqueness results are given in weighted Sobolev spaces 
SjJ, g{0, T), where p £ [2, oo), 7 6 R is the number of derivatives of solutions and 6 controls the 
boundary behavior of solutions (see Definition 12. 5p . Furthermore several Holder estimates of 
the solutions are also obtained. It is allowed that the coefficients of the equations blow up near 
the boundary. 
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1 Introduction 

It is a classical result that Hardy inequality holds on Lipschitz domains (|31]). There have been 
many other works concerning Hardy inequality. See e.g. [3], [35] and references therein. We only 
mention that inequality (jO.ip holds under much weaker condition than Lipschitz condition. For 
instance, it holds if O has plump complement, that is, there exist b,a (0, 1] such that for any 
s G (0,0"] and x G dO there exists a point y S Bg[x) n O'^ with dist(y,(?0) > hs. For instance, 
Oo, := {{x,y) eR"^ :x e (-1,1), + < 1}, where a G (0,1), is a non-Lipschitz domain but 
satisfies the plump complement condition. 

Let (0, T, P) be a complete probability space, {J-t,t > 0} be an increasing filtration of c-fields 
J-f C J-, each of which contains all {J-, P)-null sets. We assume that on Q we are given independent 
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one-dimensional Wiener processes w^,w^, ... relative to {J-t,t > 0}. The main goal of this article is 
to present an Lp-theory of stochastic partial differential equation 

du = {a'-^u^i.j.j + V-u^i +CU + f)dt + {a^^u^i + n^u + g^) dw^ (1.1) 

given for f > and a; € C Here i and j go from 1 to d, and k runs through {1,2, ...} with the 
summation convention on i, j, k being enforced. The coefficients a^^ ,b^,c, a^^, fj,'^ and the free terms 
/, are random functions depending on t and x. As mentioned in [20], such equations with a 
finite number of the processes appear, for instance, in nonlinear filtering problems (estimations 
of the signal by observing it when it is mixed with noises), and considering infinitely many Wi is 
instrumental in treating equations for measure- valued processes, for instance, driven by space-time 
white noise (cf. [TB]). 

Equation (jl.ip has been extensively studied by so many authors (see e.g. [H El \lU[ [l2l [HI 
[T6| [T9l l20l [28l [29l [30l \32\ [36] and references therein). We give a very brief review only on the 
Lp-theory of the equation. The Lp-theory (p > 2) of equation (jl.ip defined in was introduced 
by Krylov ( [16] , [19] ) , and later Krylov and Lototsky ( [20] , [21] ) developed a weighted Lp-theory of 
the equation defined on a half space. It turned out that for SPDEs defined on domains the Holder 
space approach does not allow one to obtain results of reasonable generality, and the Sobolev spaces 
without weights are trivially inappropriate. Recently, these weighted Lp-theory on half space were 
extended to equations on smooth domains (e.g. [U [lOl [I2l [TTl [27] ) and on (non-smooth) Lipschitz 
domain ([8]). 

On non-smooth domains the spatial derivatives of the solution usually have additional singu- 
larities at the boundary which are due to the shape of the domain, see e.g. [U [7] for the case of 
deterministic equations on polygonal domains and [25j for a generalization to the stochastic setting. 
In the context of numerical approximation this suggests the use of non-uniform schemes. In [1] 
results of [8] are used to prove that the convergence rates of adequate non-uniform discretization 
schemes are closely connected to the regularity of the solution measured in weighted Sobolev spaces. 

However, we acknowledge that there is a gap in the proof of Lemma 3.1 of [8], and the main 
results of [8] are false unless stronger assumption on the range of weights is assumed. We show 
this with a counterexample. In this article we reconstruct the results in [8] under much weaker 
assumption on dO, but with smaller range of weights. The arguments used in this article are 
slightly different from those in [8]. For instance, we do not use any argument of fiattening the 
boundary, which is a key tool in [8]. Most of our important steps are based just on the Hardy 
inequality and lo's formula. 

As in [HI [HI [ini [121 [HI [211 [2ni [27] we prove the existence and uniqueness results in weighted 
Sobolev classes i^^ ^(O, T), where 7 G M is the number of derivatives of solutions and 6 controls the 
boundary behavior of solutions (see Definition 12. 5p . Also several (interior) Holder estimates of the 
solutions are also obtained (see Corollarv I2.14p . 

As usual M'^ stands for the Euclidean space of points X = (x\ ...,x'^), Wl = {x £ : x^ > 0} 
and Br{x) := {y € M'^ : |x - y| < r}. For i = l,...,d, multi-indices /3 = (/3i, /3rf), /3j G {0,1,2,...}, 
and functions u{x) we set 

u^^ = du/dx' = Diu, D^u = D^' ■ ... ■ D^/u, = /3i + ... + /3rf. 
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We also use the notation for a partial derivative of order m with respect to x. If we write 
N = N{...), this means that the constant depends only on what are in parenthesis. Throughout 
the article, for functions depending on u},t and x, the argument u ^ Q will be omitted. 

The author is grateful to Ildoo Kim for carefully reading the earlier version of the article and 
finding several typos and to N.V. Kryolv for providing the author an example. The author is also 
thankful to P.A Cioica and F. Lindner for useful discussions regarding the numerical approximations 
of SPDEs on non-smooth domains. 

2 Main results 

First we introduce some Sobolev spaces (see e.g [16], [18] and [27] for more details). Let p € (1, oo), 
-f eRandH^ = H^{R'^) = {l-Ay^^'^Lp be the set of all distributions u such that (l-A)'^/^^ € Lp. 
Define 

\\u\\h; = 11(1 - A)^/\b, := + \^\'r/'T{um]\\p, 

where J- is the Fourier transform. It is well known that if 7 is a nonnegative integer then 

= H^{R'^) = {u:u, Du, D'^u G Lp}. 

Denote p{x) = dist{x,dO) and fix a bounded infinitely differentiable function ip defined in O such 
that (see e.g. Lemma 4.13 in [22j or formula (2.6) in |26j ) 

N~^p{x) < iP{x) < Np{x), < N{m) < 00. (2.1) 

Let C £ C'^(M+) be a nonnegative function satisfying 

00 

C(e"+*) > c> 0, Vt G M. (2.2) 

n=—oo 

Note that any non-negative smooth function ^ G ^^0^(1^+) so that > on [e~^,e] satisfies (j2.2p . 
For X G O and n G Z := {0, ±1, ...} define 

C„(x) = C(eXx)). 

Then supp Cn C {x G O : e"""'^" < p{x) < e~"'+'^o} =: Gn for some integer ko > 0, 



J2 Cn(x) >6>0, (2.3) 



C„GC7o~(G„), \D^Cn{x)\<N{C,m)e"'^. (2.4) 
:=5]e"^||C-n(e"-)^(e"-)ll^ <oo. (2.5) 



For p > 1 and 7 G M, by H^giO) we denote the set of all distributions u on O such that 
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We also use the above notation for ^2-valued functfons g = {gi,g2, ■■■), that is, 

II^IIh? = WaWH^iii) = 111(1 - '^r^'^9\e2\\Lp, 

It is known (see Lemma [2.4|) that if {Cn,n E Z} is another set of functions satisfying (|2.3p and (|2.4p 
(such functions can be easily constructed by mollifying the indicator functions /g„); then it yields 
the same space Hjg{0). Also if 7 = n is a nonnegative integer then 

Lp^eiO) := H%{0) = Lp{0, p'-'^dx), 

H;^s{0) := {u : u.pDu, ...,p'^D''u € Lp^e{0)}, 

V / |pl"li?"u|fp^-'^dx. (2.6) 

\a\<n 

We remark that the space H'^q{0) is different from W"''^{0, p,e) introduced in [22], where 

(O, /), e) = {u: u, Du, Z^^n € Lp(0, p^dx)}. 
Denote /9(x, y) = p{x) A /3(y). For u G (0, 1] and k = 0,1, 2, as in [5], define 

[/If = = -P [/111 = ™p /+^(.,,)!^!Z(^L-5!ZM, 

xGO a;,3/GO F " 2/1 

i/3i=fc m=k 

i/f i/iii = i/f + [/lit- 

The above notation is used also for £2 valued functions g = {g^,g'^, • • • )• For instance, 

[g]f^ = sup p'{x)\D^9ix)U,. 

\l3\=k 

Here are some other properties of the space Hjg{0) taken from [27] (also see |17j . |18j). 

Lemma 2.1 (i) The space Cq°{0) is dense in H^g{0). 

(ii) Assume that J — d/p = 171 + u for some m = 0,1, ... and i' (z {0,1], andi,j are multi-indices 
such that \i\ < m, \j\ = m. Then for any u € H^q[0), we have 

^\A+e/Pj)i^ € C{0), iP'^+'^+^/PD^u € CiO), 



{Hi) ^1)0,011) : H^g{0) Hj'g^{0) are bounded linear operators, and for any u € H^g{0) 
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{iv) For any iy,jGR, rHj/O) = Hl,^^^{0) and 

\\''\\hI,_^.(0) < NWi^-'^WHl.iO) < NMHl,_^^iO)- (2-7) 
{v) If^e (70,71) and e (6*0,6*1), then 

\W\\hi,{o) < 4u\\H;yo) + ^(.^^P^^)MH;yo)^ 

Lemma 2.2 (i) Let s = \'y\ if j is an integer, and s > I7I otherwise, then 



< N{d,s,j)\a\l > \\u\\H^^^^o)■ 
(ii) 7/7 = 0, 1, 2, then 



\a^\\Hl,(0) < ^sup|a||[n||^7^(o) +iVo|a|(°)||«||j:^^-i(0) 



where Nq = i/ 7 = 0. 
(Hi) IfO<r<s, then 



|a|W <iV(d,r,s)(sup|a|)l-'^/^(|a|W)^/^ 
o 



The assertions also holds for i2-valued functions a. 

Proof. For (i), see Theorem 3.1 in [23 . (ii) is an easy consequence of (j2.6p . and (iii) is from 
Proposition 4.2 in [21]. □ 



Remark 2.3 By Lemma \2.SA for any u > {), ip'^ is a point-wise multiplier in H^q{0). Thus if 
9i < 6*2 then 

Lemma 2.4 Let {(,n} be a sequence of Cq'{0) functions such that 

\D'^in\ < C(m)e""*, suppCn C {x £ O : e-'^-'^o < p(x) < 
for some ko > 0. Then for any u G H^g{0), 

5]e"^||^_.(e"x)u(e'^x)||^, < iV||^||^.^(^). 

n 

If in addition 

n 

then the reverse inequality also holds. 



Proof. See Theorem 2.2 in [27]. □ 

Let V be the predictable cr-field generated by {Tt,t > 0}. Define 

m;iT) = Lp{n x [o,t],v,h^), M;iT,£2) = Lpin x [o,t],v,h^{£2)) 
Lp,,(o,T) = m%io,T), = Lp{n,To,H^-^/n, u;/o) = v^-i+^Lp(f], j-o,i7;//^(o)). 

That is, for instance, we say u € 11^^(0, T) if u has a //j0(O)-valued predictable version u defined 
on X [0, T] so that 

\H\mlgio,T) = \\u\\alg{o,T) ■= \Hs,-)\\Hj^(o/t^ < 

Also by u G il;~p^^Lp{Q,J^o,Hj~^^^{0)) we mean V^/p-^u G Lp{Q,To, Hj^^^^iO)), and 



IP 



:=E||^2/p-i^| 



Below by (u, (/>) we denote the image of (/> € C^{0) mider a distribution u. 

Definition 2.5 W^e u;nie n G T) i/ u G ^11^+^(0, T), ti(0, •) G U^^^{0) and for some 

f e^l^-ml,{0,T) andgeM;y{0,T,£2), 

du = fdt + g''dwt, (2.8) 

in the sense of distributions. In other words, for any (j) G C^{0), the equality 

i-t °° r-t 

Kt,-),0) = K0,-),<^)+ / ifis,-),cP)ds + Y^ / {g'{s,-),cl>)dw', 

Jo ^1 Jo 

holds for all t <T with probability 1. In this situation we write f = Du and g = Eu. The norm in 
iO^J^(C',r) is defined by 

Remark 2.6 (i) Remember that for any a, 7 G M, H'f/'^nllrrT ||^^||h-t in)- Thus the space 

i^^'^^(0,T) is independent of the choice ofip. 

(a) It is easy to check (see Remark 3.2 of 116^ for details) that for any (j) G Cq°(0) and 
g G ]H[pg"^(0, r, ^2) we have ^'^=1 Jq {g'' , (p)"^ ds < 00, and therefore the series of stochastic integral 
"^^=1 joid^ 1 4')d'^t converges in probability uniformly on [0,T]. 
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Theorem 2.7 Let Un G S)^^Q^{0,T)^n = 1,2, ••• and \\un\\^i+^(^Q rp-^ < K, where K is a finite 



constant. Then there exists a subsequence and a function u € S^^^g^ {O ,T) so that 

(i) Un^,Un^.{0, ■),I$Un^.,Sun^ Converges weakly to n, n(0, •), Bn and Su in M.'^'^'^{T,0),U^~l^'^{0), 
H^g(C') and EP^y {0,12) respectively; 

(a) for any (j) € Cq^{0) and t G [0, T], we have {un^{t, •),(/)) iu{t, •),(/)) weakly in Lp{Q). 

Proof. The proof is identical to that of the proof of Theorem 3.11 in [16], where the theorem is 
proved when O = M.'^. 

□ 



Theorem 2.8 For any nonnegative integer n > 7 + 2, the set 

00 

SjleiO,T)f]\J Lp{n,C{[0,T],CS{Ok))), 

k=l 

where Ofc := {x G O : ^(x) > l/k}, is dense in Sj^'y{0,T). 

Proof. It is enough to repeat the proof of Theorem 2.9 in [20], where the lemma is proved when 

o = Ri. □ 



Theorem 2.9 (i) Let 2/p < a < P < I and u G ^I'^iO^T), th 

where N is independent of T and u. 
(a) Let p G [2, 00) and T < 00, then 

where N = A^((i,p, 7, 0, O, T) is non- decreasing function of T . In particular, for any t <T, 

Proof. The theorem is proved in ^ on Lipschitz domains, and the proof works on any arbitrary 
domains. 

(i). Due to the definition of 'K\ibl^~^u]^ m , , ,r , ^4^9 r, we may assume n(0) = 0. Let 
J$u = f and §u = g. By (|2.5p and Lemma l2.1( iv). 

< iVV e'"(^+P(^-i))E[u(t,e"x)C-„(e"x)f , , , ^ ^ . (2.11) 

— L V ' ;s nv ''■lc'"/2-i/p([0,T],i?jI+ ^ ' 



en 
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Denote Tq := T^^ °^)p/2^ gy Corollary 4.12 in [15], there exists a constant > 0, independent of 
T and n, so that for any a > 0, 

+a-i||/(t,e")C-n(e"x)||^.(^) + e")C-n(e"x) ||^,+,^^^^^^). 
Take a = 6""^, then I^Jl\i yields 

n n 

n 

Thus (i) is proved. 

(ii). If p > 2, (ii) follows from (i). But for the case p = 2, we prove this differently. Obviously 
Ksnp\\u{t)r < iV Ve"^Esup||^(t,e"x)C-n(e"x)|r +1. 

t<T ^P.B ^ t<T 

Note that uq G U^^^{0) C Lp{n, H^y{0)) since p > 2. By Remark 4.14 in [l5] with f3 = 1 there, 
for any a > 0, 

Esup||7x(t,e"x)C-n(e":r)||^,+, < Ar(a|ln(t, e"x)C-n(e"x) 
Take a = e""^ to get 

Esup||n(t)||^,^,^^^ < N{Y^e^^('-P^\\u{t,e^x)C-n{e-x)\\l,^^,^^^+^ 

+ 5]e'^l5(i,e"x)C-n(e"x)||^,^,^^^+E5]e"l^o(e"x)C-n(e"x)||^,+0 

n n 



Finally, 



IP 



•t 



E / Ikf 



^d. < (Esup||.(r)||-^,,,^^pd. < AT ll-ir,...(e,,)^- 



The theorem is proved. □ 

Fix a nonnegative constant = e{-~f) > so that Eq > only if 7 is not integer, and define 7+ = I7I 
if 7 is an integer, and 7+ = I7I + Eq otherwise. Now we state our assumptions on the coefficients. 
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Assumption 2.10 (i) For each x, the coefficients a^^{t,x), b^{t,x) c{t,x), a^^{t,x) and iJ^{t,x) 
are predictable functions of 

(a) The coefficients a^^,a^ are uniformly continuous in x, that is, for any e > there exists 
6 = 5{e) > such that 

\a'^it,x) - a'^it,y)\ + \a\t,x) - a\t,y)U, < e 

for each oj,t, whenever x,y ^ O and \x — y\ < 5. 

(Hi) There exist constant 6o,K > such that for any u;,t,x and X G M*^, 



<5o|Ap < a'^{t,x)X'X^ < K|Ap, (2.12) 



where a*-' = a*-' — ^(cr*, a^) 
(iv) For any u, t 



y^{t,-)\^^} + + lV''c(t,.)|(? + kHi,-)lS;Vi)+ + IMt,-)^^^,)^ < K, (2.13) 
and if J = 0, then for some e > 0, 

\a\t,-)\fl + \M?l<K, V^,t. (2.14) 
(v) There is a control on the behavior of b^,c and /i^ near dO, namely, 

lim sviY>{p{x)\b\t,x)\+ p^{x)\c{t,x)\+ p{x)\n{t,x)\iA =Q. (2.15) 

Remark 2.11 Conditions /i2.13\) and /i2.15\) allow the coefficients b^,c and v to be unbounded and 
to blow up near the boundary. In particular, \2.15\) is satisfied if for some e,N > 0, 

\b\t,x)\ + Ht,x)U, < Np-^+'{x), \c{t,x)\ < Np-^+'{x). 

The proof of following theorem is given in section 21 

Theorem 2.12 Let p G [2,oo),7 G [0,oo),T < co and Assumption \2.l0\ be satisfied. Then there 
exists /3o = /3o(p, d,0) > so that if 

ee{p-2 + d-^o,p-2 + d + Po) (2.16) 

then for any f G ^-^]H^g(0, T), g G IH^J\0,r) and uq G U^^^{0) equation fTI]) with initial 
data uq admits a unique solution u in the class Sj^'^'^ {0,T), and for this solution 

where C = C{d,p,j,e,6o,K,T, O). 
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Remark 2.13 Note that Theorem \2.12\ is proved only for 7 > 0. However the theorem can he 
extended for any ^ (^M by using results for 7 > and arguments used e.g. in the proof of Theorem 
2.16 of fWl (cf. /Til \2^). One difference is that, in place of Theorem 2.8 of fT^ . one has to use 
the corresponding version on bounded domains (Theorem 5.1 of \27^). 

Lemma |2. If ii) and Theorem 12.91 easily yield the following result. 

Corollary 2.14 Let u G S)^^'^{0,t) be the solution in Theorem \2.12\ (or in Theorem \2.15\ below). 

(i) If J + 2 — d/p = m + v for some m = 0, 1, v € (0, 1], and i,j are multi-indices such that 
\i\ ^ bl = TT^, then for each u},t 

In particular, 

\'iI;\'\D'u{x)\ < N'il^'^-^/P{x). 

(a) Let 

2/p<a</3<l, 7 + 2-/3- d/p = A; + e 

where k G {0, 1, 2, ...} and e G (0, 1]. Denote (5 = /? — 1 + 9 /p. Then for any multi-indices i and j 
such that \i\ < k and \j\ = k, we have 

E sup \t - _ ^x(s))|P 

t,S<T 

+ [^p'+\^\+^D^{u{t)-u{s))]l^^^^)<^. 

Note that if p = 2 then ()2.16p is 9 G (d — /3o, d + /3o), but it is not clear whether d is included 
in the interval in (|2.16p if p > 2 because /3o depends also on p. Below we give positive answer if p 
is close to 2 and negative one for large p. For instance, if 9 = d = 2 then in general Theorem 
[232] do not hold for all p > A. 

The proof of following theorem is given in section [5l 

Theorem 2.15 There exists po > 2 so that if p & [2,Po) then there exists /3i > so that the 
assertion of Theorem \ 2. 12\ holds for any 9 G {d — f3i,d + f3i). 

o 

Remark 2.16 Since Hl^^piO) =W^ (O) := {u : u,u^ Lp{0) and u\3o = 0}, Theorem\2AR 

o 

with 7 > — 1 and 9 G {d—f3i,d] implies that there exists a unique solution u G Lp(il x [0, T], (O)) 
for any p G [2,pq). 

The following example is due to N.V. Krylov and shows that Theorem 12 . 1 2 1 can not hold unless 
9 is sufficiently large and that in general Theorem 12.151 is false for all large p. 
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Example 2.17 Let a G (1/2, 1) and denote 

Ga = {z = X -\- iy : \argz\ < — }, Oa = Ga n {z : \z\ < 10}, 

2a 

where argz is defined as a function taking values in so that [vr, — vr). Define v{z) = v{x,y) = 
Rez" = cos a6, where tanO = y/x. Then Av = in Ga and v = on dGa- We claim that for 
some N = N{a) > 1, 

Since the second assertion is easy to check we prove the first one. If\argz\ < ^ — f then p[z) = \z\, 
|z|'^cos(^ — a^) < l-L"! < and the claim is obvious. Also if — ^ \o-Wz\ < ^! then 

p{z) = |z||sin(^ — 9)\ and cosa0/|sin(^ — 9\ is comparable to 1 in {z : — ^ < \argz\ < 
It follows that 

/ [Ip'^vI" + \Dv\ + \pD'^v\) p'^-'^dx < oo 4^ 6'>p(l-a), 

and 

/ {\pvx\p + \pv\p)p'^-^dx < oo, y e>o. 

Now choose a smooth function ^ G Cq°{B2{0)) so that = 1 on Bi(0), and define u{t,x,y) := 
tS,{x,y)v{x,y). Then 

du = {Au + f)dt, (2.18) 

where f := t^—l^^iV^i — vA^^) + ^,v. Above calculations show that pf G hp^g{Oa,T) for any 6 > 
and that u G S^pp{Oa,T). By Theorem \2.12\ we conclude that u is the unique solution of the 
above equation in ^jpp[Oa,T). It also follows that the existence result of Theorem 12.121 in 
Sjp g{Oa,T) fails whenever 

e<p{l-a), 

because if there is any solution w G S^^ ^{OajT) then w G S)pp{Oa,T) and therefore due to the 
uniqueness result in f)pp{Oa,T), we getu = w. But this is not possible since ||p~^ii||Lp ^{C'q.t) = oo. 
In particular, if 6 = d = 2 and p > A we can choose a close to 1/2 so that 2 < p(l — a), and 
consequently this leads to the fact that in general Theorem \2.12\ does not holds if p > 4. 



3 A priori estimate 

In this section we develop some estimations of solutions of equation (jl.ip . First, we introduce a 
result on SPDEs defined on entire space M'^. 

Lemma 3.1 Let a^^ and a^^ be independent of x. Also suppose that f eMl{T), g e M;^+^(r, £2), 
uq G Up^'^ and u G Hp^"^ (T) is a solution of 

du = {a'-^u^i^j + /) + {(T^'^u^i + g^)dw^ ti(0, •) = uq. (3.1) 
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Then u G M.1~^^{T), and 

where N depends only on d,p,6o,K (not on T). 

Proof. This is a well known result. By Theorem 4.10 in jl6j. 

This and the relation ||n||^7+2 = ||(1 — A)n||j|^7 < (||u||j:^7 + ||iia;a;||//7) certainly prove (|3.2|) . □ 

In the following lemma there is no restriction on ^,7 and dO, that is ^,7 € M and O is any 
arbitrary domain. 

Lemma 3.2 Let a'^ and a''' be independent ofx. Suppose f G ^-^M^ T), g G (O, T, ^2), 
uq G C/p^^(C') and u G ^'pg^ {O ^T) is a solution of the equation 

du = {a^^u^i^i + f)dt + {(J^'^u^, + g^)dw^, n(0, •) = uq. 
Then u G i^p^^(r2,T), and 



Proof. We just repeat the arguments used in [8] on Lipschitz domains. Remember that by Lemma 
12.11 we have \\'^"'^u\\rji+'2,.^-, ~ ||n||jj-7+2 un\- Thus, 

00 



-1 IIP 



00 



= iV ."'"-'^^'II^-Cj^.^,.,, (3.4) 

n=— 00 

where := n(e^"t, e"2;)(^_„(e"2;). Note that since Vn has compact support in and can be 

regarded as distribution defined on W^. Thus we conclude Vn G EIp~''^(e~^"'T). Also note that it 
satisfies 

dvn = {a'\e^''t)v^^.^j + fn)dt + {a'^{e^''t)vr,^^ + gl)dw^{n)t, Wn(0) = uo(e"x)C-n(e"x), 

where w^{n)t := e~^w%n are independent Wiener processes, 

= -2e"a*^(e2"t,x)tx^.(e2"t,e"x)e"C-nx.(e"2;) -a^^'u(e2'^t,e"x)e2"C-nx»^.(e"x) 
+ e2"/(e2-t,e"x)C-„(e"x), 

and 

c,^ = -a^*^(e2"t)n(e2"t,e"x)e"C-nx>(e"2;) +eV(e^"i,e"2;)C-n(e"x). 
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Since C-n has compact support in O and u G M.'J^'^^ {0,T), we easily check that 
Thus by Lemma EH we have Vn G Mj'^'^ (e'^'^T) and 

where N = N{d,p, 7, Sq,K) is independent of n and T. Next we apply Lemma [2^ with = ^~^Cr, 
or = e"2"Cn.r»2., and get 



00 



< 
< 



g"-(^ ^^^^ ll/n||g7(g-2nT) — ^"^)fi'^C-nxJ (^"■^) llM^(r) 

n=— 00 n 

n 

ivE«"^'^'^ ^"^)^-(^"^) lit m 

n 

Similarly, 

00 

n(9-p+2)|, IIP 

n=— 00 

n n 

Also, 

00 

E «""'-'"'ii«~(o)r„,„<ivii„.r„ 

n=— 00 ^' 

Thus the lemma is proved. 

Remark 3.3 Let 7 > 0. By \3. 3j) anc? i/ie inequality (see Lemma \2. lY v)) 

\\'^~^Ah1+\0) - £|l^~^'"ll//;+2{0) +^(£)IIV'~^'"llLp,g(C>), 

we easily get 

ll^"^ller/(o,T) ^ ^(ll^"-lll.(o,T) + ll^/re.,(o,T) + ll^rH-^(a,T,.) + ll-or^...(^)). (3.5) 
This shows that to estimate ||'u||^7+2^0j it is enough to estimate \\ip~^u\\-^ e{OT)' 

13 



□ 



In the following lemma we estimate ^u\\^ e{OT) ^hen 9 = d — 2 + p using the Hardy 
inequality. 

Lemma 3.4 Let a'-' and a^^ be independent of x. Then for any u G ^f, d~2+p(^^'^)' have 



\u\ 



+ Ar||Sn-a*n^,||Hi^^_^^^(O,T/2) + ^'ll^^(0)llc/2^_^^^(O), (3-6) 

where N = N{d,p,0). 

Proof. Step 1. First assume that u e Lp(il, C([0, T], Cq (Ofc))) for some k, where Ok ■= {x e O : 
tpix) > l/k}, so that u is sufficiently smooth in x and vanishes near the boundary dO. Denote 

/ = Bn — a^^u^i^j, g = §u — a'^^u^i^ uq = n(0). 

Then for each x € O, 



x) 



uo{x) + I {a'^u^^^3 + f)ds+ [ {a'^u^i+g^)dw^, 
Jo Jo 



for alH < T (a.s.). Applying Ito's formula to \u{t,x)\P, 

i-T rT 



u{T)\P = \uo\P+p[ \u\P-Ma'^Ux^x^ + f)dt+ [ p\u\P~^u{a'''u^^ + g'')dw^ 
Jo Jo 



Note that 



-p{p - ^(a^'^u^. + /)2 = p{p - l)\u\P-^ i a'^u^.u^, + u^^{a\g)e, + -\g\l J , 

k=i ^ ^ 

where a*-' = ^{a^ ,a^)i^. Taking expectation, integrating over O and doing integration by parts 
(that is, f^p\u\P~'^ua^^u^i^jdx = —p{p — 1) J^^ a'^^u\P~'^u^iU^jdx), we get 

p{p - 1)E [ [ a'^\u\f-'^u^^u^jdxdt < E /" \uo\Pdx+pE[ [ \u\P~^\f\dxdt 
Jo Jo Jo Jo Jo 



+ P{P-1) I I l^^r '^{uA'y\9)i2 + \\9W)dxdt. 
Jo Jo 

Note that for each w, t we have v := e {f : f, fx ^ L2{0),f\do = 0}, and = ||np/^~^nna;. 

Thus by Hardy Inequality (see (jO.ip ). 

\ij-^u\PijP-^dx = [ \i)-^v\^dx<N f \v^\^dx<N f \u\P-'^\u^\^dx. (3.7) 
o Jo Jo Jo 
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Also note that 

u\P-'^\f\dx= [ \ij-\\P-^\i;f\ijP-^dx < e[ \ij-^u\Pi;P-^dx + N{e) [ l^/I^V^^-^dx, 
o Jo Jo Jo 



u^^{a\g)|>^dx < N\a\i2 / lu^Wgle^dx 
o Jo 



N\a\e, / \^l^-\r^\u,\\g\e,i^P-^dx 



Similarly, 



1^ -1„|P-2U, lUL V,P-2, 

< e I \iP"\\PipP~^dx + e I \u^\PipP-^dx + N{e) [ \g\P ipP'^dx. 
o Jo Jo ^ 



u\P~^\g\ldx < e \iP"\\PipP"^dx + N{£) \g\P ipP^^dx. 
o Jo Jo ^ 



Since (a*-') > 5oI, we have 5\u\p ^|Dnp < a'-^ |n|P '^u^iU^j, and therefore from above calculations 

{l-Noe)E [ [ \i;-'^u\Pi;P-'^dxdt < NE [ \'iljp~'^u{0)\PijP-'^ dx + NeE [ [ Iu^IP^jP'"^ dx dt 
Jo Jo Jo Jo Jo 

f-T r f-T f 



+ N{e)E / / \i;f\Pi;P-^dxdt + N{e)E / / \g\P i;P-^dxdt. 
Jo Jo Jo Jo 

Thus for any e > so that eNq < 1/2, we have 

+ A^(£)II^/IIl„,_,+,{o,t) + iV(£)ll5llL„,_,+,(0,T/.). (3.8) 



This and (j3.5p easily lead to (I3.6p . 

Step 2. General case. We use Theorem I2.8[ Take a sequence € i^^ d-2+p(.^^ ^) s° 
-u" ^ u in ^)p,rf_2+p(C,7') and each G Lp(J], C([0, T], C^(Gfc))) for some k = k{n). By Step 1, 
we have (|3.6p with in place of n. Now it is enough to let n — )> oo. □ 



The following lemma virtually says that if Theorem 12.121 holds for some £ then it also 
holds for all 9 near 9q. 

Lemma 3.5 Suppose that there exists a 9q £ so that for any u G S)^ g^{0,T) we have 

(3.9) 

Then there exists Eq = £o{N, 9q,p) > so that for any 9 £ {9q — eo,9o + eo) and v £ Sj"^ ^{O, T) it 
holds that 
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Proof. Let v G Sjl g{0,T). Denote z/ = (6*0 - e)/p and u := ip^v, then by u G i^^ ^^,(0, T). 

Also it is easy to check that Du = ip'^'Bv, Su = ip'^Sv and 

Su — a'^u.j.i = il^'^ {^v — cr^v^i) — a^v{ip'^)xi. 
Note, since il^x and ipipxx are bounded, if < 1 then 

\{r)xA = ^w-^i^A < Nur-\ w)x^xA < Nur-^. (3.10) 

By assumption (see (j3.9p ) and (|3.10|) ) 

+ Nv{\\ri^-Mui^^{o,T) + Wvx\\i.^,^io,T)) + N\\rvm\ui,^(oy 

This certainly implies (see (|2.7p ) 

IIt^lIf,2^^(C),r) < - a'^Vxrxj)\k^,B{o,T) + Npv - ||ei^g(c>,T/2) 

It follows that the claim of the lemma holds for all sufficiently small that is for any 9 so that 
A^il^o ~ G\/p < 1- The lemma is proved. □ 

Remark 13.31 Lemma 13.41 and Lemma 13.51 obviously lead to the following result. 

Corollary 3.6 Suppose that 7 > and the coefficients a^^,a'^^ are independent of x. Then there 
exists l3o = /3o(d,P,C) > so that if 6 G {d - 2 + p - f3o,d - 2 + p + f3o), f G M^g(0,r), 
g G BI^y(0,r,£2), uq G U^i^{0) and u G S)'ff{0,T) is a solution of (EJP, then we have 

\\^Kl+/{o,T) ^ ^ {Wi'fWml.iCT) + II5IIh;+1(o,t/2) + ll'"ollc/7+2(0)) , (3.11) 

where N = N{d,p,e,5o, K,0,T). 

Now we prove a priori estimate for solutions of the equation 

du = {a^^Ux^xJ + b^Uxi + cu + f) dt + {a^^'Uxi + ^^''u + g'') dw^, u(0) = uq. (3.12) 

Theorem 3.7 Suppose 7 > 0, ^ G (d — 2 + p — /3o,d — 2+p + /3o) and Assumption [2. 10\ are satisfied. 
Also let f G El^^g(Cr), g G EI^J^(C, T, ^2) and uq G U^^'^{0). Then estimate 1X771) holds given 
that u G Sriff{0, T) is a solution of [3lM . 
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Proof. Step 1. Assume 

\a'^{t,x)-a'^{t,y)\ + y{t,x) - a\t,y)U, + \tl;{xp{t,x)\ + \tl;\x)c{t,x)\ + < k, yoo,t,x,y. 

We prove that there exists kq = K,Q{d,'j,9,5o, K) > so that the assertion of the theorem holds if 
K < kq. Fix xq G O and denote Oq = a^^{t,xo) and 00^(1, x) = (T*'^(t, xq). Then u satisfies 

du = {a^u^i^j + fo) dt + {all'u^i + g^) dw^, u{0) = uq, 

where 

fo = {a'^ - ai^)u^.^j + b'u^. + cu + f, g]^ = {a'^ - a]^)u^^ + + g^ . 
By Coroharv 13.61 

\\'^\\^lf(0,T) ^ ^ (|IV'/o||h;,{0,T) + \\9o\\Ml+\o,T,i2) + ll^o|lc/7+2(o)) • (3.13) 
If 7 is not integer, then by Lemma l2.2( iii) with some € (0, 1 — (e.g. u = ^(1 — :^)), 
ll(«'^ - %^)'ipu^ixi\\mlgio,T) < iVsupla*-' - af^\''Uu^'xj\\mlg{n,T) < ^'^''U^^^\\ml+\n,T)^ 

\\'il^b'u^.+ipcu\\ai^(^a,T) < ^sup |#TII'«x||h;j_,(c>,t)+^sup |V'^c|||V'"^u|[]hi^^^(o,t)> < ^^''llV'~^^^llH^+2(Q^r), 
and similarly 

||(o-* - o-^)na;||jj7+i(0^y^^2) < iVsup|a' -0-^1^2 11^^ llH;jy(o,T) ^ ^^''II^~^^IIh;;+2{ci,t)' 

\\^'''''K;+\o,T/2) ^ ^sup|^/i|f^^||v-^n||jj^+i(^^y) < iVKniV~^^^llH;+/(o,T)- 

By these and (j3.13p . 

ll^ll«^+^(o,T) ^ ^'^1I^"^^IIh^+2(o,t)+^ (||V'/IIh;,{o,t) + II5|Ih^+1(o,t,£2) + ho\\u;+\o)) ■ (3-14) 

Thus it is enough to take kq so that Nk''' < 1/2 for all k < kq. 
If 7 = 0, then obviously 

< sup|a*^ - ao\\\^'^xx\K,e{o,T) + sup |#| Hl^ ^(o.r) + sup I^^cHI^A'^uUlp ^(ct) 

< iVK||V'"^u||e2^^(c,^7,), 

and by Lemma [22] (also see (12.14p ) with u = e/{l + e), 

\\i(^'-<^o)ux\\ml^(o,T) < ^k*-f^oli°^ll^^llHi_g(o,r) < ^ sup\a'-a'Q\''\\u^\\j^i^^^c>,T) < ^'«''llV'~^^i|lH2 g(o,T)> 

IIm«IIhi_,{o,t) < ^l^^*lf^ll^~^llHi g(o,T) < ^sup|^^|''||'(/'-^u||ei^^(ci,T) < Ni^'^W^uWj^l^^a^Ty 
These lead to (i3Tl]l for 7 = 0. 
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If 7 = 1, 2, 3, then by Lemma l2.2l fii) 

\\{a'^ - a^)i^u^^xA\mlg(n,T) < Nsup\a'^ - IIIV'^^x>x^-|lH;^g(n,T) + ^la'^l^ll'^'^^^llH^-^CO.r) 
and similarly, 

Thus if Ki is sufficiently small and k. < ki, then 

Mf,;+/{o,T) ^ ^ll^~^^llH^+i(o,r) + ^ (ll^/llH;,(o,r) + \\9\\m;yio,T,e2) + ll"o||[/7+2(0)) . 
This and the inequality 

U~^'^\\h;+\o) - ^IIV'"^^^ll//7+2((p) + iV(e)||^"^n||^2^(C,), 

yield 

Take kq = kq{0) chosen in the above when 7 = 0. Then it suffices to take kq = ^0(7) so that 
^0 < '^o(O) A Ki. 

Step 2. We generalize the result of Step 1 by summing up the local estimations of u. 
Let xq S do. Fix a nonnegative function t] € C^{Bi{0)) so that r]{x) = 1 for |x| < 1/2 and 
define T]n{x) = i]{n{x — xq)), 

a^{t,x) = a'^{t,x)r]n{x) + (1 - r/„(3;))a^^(t, xq) = a'^ {t,xo) + Vn{x){a'^ {t,x) - a'^t,xo)), 

a'^{t,x) = r]n{x)a'^{t,x) + (1 - ?7„(x))a^'=(t, xq), 

Then 

\aii{t,x)-a^{t,y)\<2 sup r]n{x)\a'^ {t,x) - a'^ {t,xo)\, 

x€supp r)n 

\ai^{t,x)-ai^{t,y)\e^<2 sup i]n{x)\a'''{t,x) - a'''{t,xo)\i2 

x£supp r]n 

and for any multi-index a, 

supsup^/'l"l|L'"r/„| < iV(|a|,7?) < 00. 

Indeed, for instance, if x is in the support of r/„, then p{x) < 1/n and thus \p{x)Dr]n{x)\ = 
np{x)\T]x{n{x-xo))\ < sup^, \t]x\. Using this one can easily check that the coefficients cin ^bi^i ' ' ' j l^n 
satisfy (j2.12p . (j2.13p and (|2.14p with some constant Kq, which is independent of n. 
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Take kq from Step 1 corresponding to d, 7, 6q,K, Kq and 9. We fix n large enough so that 

\an{t,x) - ali(t,y)\ + - al,{t,y)\i^ + + |V'^c„(t, x)] + |^/^/i„|^2 < ^^o yuj,t,x,y. 

This is possible due to the uniform continuity of a*-', a* and condition (|2.15p . 

Now we denote v = ur]2n- Then since r?n = 1 and e.g. an = a*-' on the support of v, v satisfies 

dv = {a'-^V^r^j + h\,V^^ + CnV + + {cr^nV^r + + gn)dw'l, t;(0) = 'Uo^2n, 

where 

/ := -2a}H^iri2nxi - a'^ur]2nx^xJ - b'un^x^ + t/2„/, g'' = -cr^^urj2nxi + mng^ ■ 
By the result of Step 1, for each t <T, 

where N is independent of t, and the second inequality is due to Lemma 12.21 and the following: 

Now to estimate u, one introduces a partition of unity Q,i = 0,1, N (remember we assume 
O is bounded) so that Co ^ Cq°{0) and Q = r](2n{x — Xi)), Xi G dO for i > 1. Then by the above 
result, for each i > 1 and t < T, 



hat si 
for any G 



Note that since Co has compact support in O, for any h S Hjg{0) we have Co^ S -^p- Moreover 



WrCoHni^io) ~ II^'^Co/iIIh? ~ llCo/illi/;. (3.16) 
Write down the equation for Co^ and apply Theorem 5.1 of [16] to get 

+iV||a*nCo.. + CoaW^y+i^t^ + iV||Co^^o||^.+2. 

Actually the smoothness condition on the coefficients in Theorem 5.1 of [16] is different from ours 
since there the coefficients are assumed to be in standard Holder spaces. But since Co has compact 
support, one can replace these coefficients with a}^ ,U ,■ ■ ■ , Ji^ having finite standard Holder norms 
without hurting the equation. By (|3.16p . 

\\a'^ UxC,ox\\ml{t) < ^II^xCoxIIh^W ^ ^\\'4^'^xCox\\mlg{o,t) ^ ^\\'^'^x\\ml^g{o,t) < ^ll^lU^jy (ct)- 
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Similar calculus easily shows Cqu also satisfies (j3.15p . By summing all these estimates and using 
(|2J0]1 we get, for t < T 

Thus estimate p. lip follows from this and Gronwall's inequality. □ 



4 Proof of Theorem [2321 

Due to the method of continuity and a priori estimate (|3.1ip (see e.g. the proof of Theorem 5.1 of 
[16] for details), to finish the proof, we only show that for any 
and no € U^'^'^{0)^ the equation 

du = {Au + f)dt + g^dw^, n(0) = (4.1) 

has a solution u E ^'^^^{O^T). We can approximate g = {g^,g'^,...) with functions having only 
finite nonzero entries, and smooth functions with compact support are dense in H^g{0). Therefore 
it follows from a priori estimate (|3.1ip that, to prove existence of solution, we may assume that 
g has only finite nonzero entries and is bounded on x [0, T] x O along with each derivative in 
X and vanishes if x is near dO. Indeed, let g"' ^ g in M^'^^[0,T,£2) where g"" satisfy the above 
mentioned conditions, and assume that equation (|4.ip with g(" in place of g has a solution n", then 
using (j3.1ip applied for u"^ — n™ one easily finds that {u"} is a Cauchy sequence in "^^(O, T) and 
Un ^ u for some u S S^'pQ^{0,T). Obviously the limit u becomes a solution of (|4.ip (see Theorem 

EZl). 

Under such assumed conditions on g, 

v{t,x) := / g''{s,x)dWg 
Jo 

is infinitely differentiable in x and vanishes near dO. Therefore we conclude v € SjpQ{0, T) for any 
S M. Observe that equation ()4.ip can be written as 

du = {Au + f + Av)dt, 

where u := u — v. Thus we reduced the case to the case in which g = 0. The same argument shows 
that we may further assume that /, uq are bounded along each derivative in (t, x) and vanish near 
do. Furthermore by considering u — uq, we find that we also may assume uo = 0. 
First, we consider the case 9 > d — 2 + p. 
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Lemma 4.1 Let > d — 2 + p, f ^ 'Lp^d{0, T) vanish near dO, say f{t, x) = for x Ok ■= {x € 
O : iIj{x) > 1/k} for some k > 0. Also assume that the first derivatives of f in x exist and are 
bounded. Then the equation 

du = {Au + f) dt, u(0) = (4.2) 

has a solution u € S)^ ^{OjT). 

Proof. By Lemma [32] we only need to prove that there exists a solution u G ipL,p^d-2+p{0 ,T) . Let 
n > k. Since dOn € C°°, by Theorem 2.10 in |11] (c.f. Theorem IV 5.2 in [23]), there is a unique 
(classical) solution € Sj^ ^{On,T) of 

d-u" = (An" + f)dt, n"(0, •) = 0, 

such that u'^\do„ = and Du'^,D'^u'^ are bounded in [0,T] x On- Extend u"(rc) = for x On, 
then ti" is Lipschitz continuous in O. Since for any q'>2, {\u\'^)t = q\u\'^~'^uut = q\u\'^~'^u{Au + f), 
for each x € On, 

\u''{T,x)\'^ = q / |n"|''-V(A'u" + /)dt. 
Jo 

Integrate this over On and do integration by parts to get 

r [ |n"|5-2|^n"|2(ix(it<l/(g-l) /"^ / 

Jo J0„ Jo JOn 

<e r [ \^p-\''\''^P'i-^dxdt + N{e,q) f [ |^/| V'^'^ dt. (4.3) 
Jo Jo Jo Jo 

Taking q = 2 and using Hardy inequality, we get 

sup(||V'"^'u"||L2,d{ci,T) + \\Du''\k2,dio,T)) < oo. 

n 

Now we choose S C^{On) such that = 1 on Ok, ipQ^'^'^Cxx bounded in O uniformly in 
n, and C^{x) ^ 1 for x G O as ?i — > oo. Then n"C" £ d(^^ ^) satisfies 

(n"C)t = A(n"C) - 2<,0 - «"AC + /. 

By a priori estimate (j3.1ip 



\u 



By dominated convergence theorem, 

IK.V'C - V'"^^^"V'^AC||l2,,{o,t) ^0 as n ^ cx). 

Denote v"" = u'^C e ^i2,d(^'^)' then {v"} is a bounded sequence in Sjl^^{0,T). By Theorem [22] 
there exists n G (i(^) so that and Bn" converges weakly to u and Ou respectively, and for any 
(/) G Cg°{0) and t G [0,r] we have (t;"(t),(/>) {u{t),(p) weakly in L2($7). Since v"- ^ u weakly in 
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H2,d-2(C, T), we have Av" ^ v in M.~^^^^{0,T). These and the fact that (-2u^,C"»-'"''0^, , </>) = ^ 
for ah large n show that u satisfies (j4.2p in the sense of distribution. 

Also, (j4.3p with (7 = p and (j3.7p certainly show that sup„ Wi^'^W^WLp a-2+p{0,T) < 00. It follows 
that ijj~^u G hp^d-2+p{0,T) C Lp^5i(0,T). The lemma is proved. □ 

To finish the proof, we only need to show that there exists /3i > so that 9 > d — 2 + p — /3i, 
then equation ()4.2p has a solution u € Lp g_p(C',T). As before we assume / is sufficiently smooth 
and vanishes near the boundary. Take kq from Step 1 of the proof of Theorem 13.71 We already 
proved that if 1-05*1 + l^^cj < kq and 6 = d — 2 + p, the equation 

dv = {Av + b'v^i+cv + i;^f), v{0)=0 (4.4) 

has a unique solution v G S^^ q{0,T) for any /?. Since ipx and ipipxx are bounded we can fix /? > 
so that for 

6^= 2/(0-^),. = -2/30- V.M 

c := 0'^A(0-'^) = /3(/3 - l)0-2|0xP - /30-^A0 

the inequality |06*| + I^A^cj < kq holds, and thus (|4.4p has a solution t; G ■^p^_24-p- Now it is 
enough to check that u := il^~^v satisfies (|4.2p and u G d~2+p~i3p('^^'^) ^pei^^'^) ^^^V 
6>d — 2 + p — Pp. The theorem is proved. 

5 Proof of Theorem [2351 

Our previous proofs (see e.g. Lemma 13. 5p show that we only need to consider case 6 = d with 
equation (j3.ip having coefficients independent of x. First observe that inclusion Sjp'^^{0,T) C 
■^p^?.2+p(^) ^) gives the uniqueness result for free. Also Remark 13.31 shows that we only need to 
show there is a solution u G Lp rf_p(0,r), so that 

\\i^~^u\\Lp,a{0,T) < N (||0/||Lp,d(O,T) + \\9\\ml^(0,T/2) + ll^0llc/p%(O)) " 

For simplicity, assume uq = 0. Denote 

J^P,e = {{f,9) ■■ ||(/,5)lbp,fl = Uf\kp^e{0,T) + I|5|Ihi_,(0,t/2) < °°}- 

Fix g > 2 and /3 G (0,/3o), where /3o = /3o(d, (5o, K). Then by Theorem [2T2l the map 7^ : {f,g) 
ip~^u, where u is the solution of equation (j3.ip is a bounded operator from J-2,d~/3 to L2,d_;3(C', T), 
and from Tq^d~2+q to Lg^(;_2+g(C'5 r)- Choose u G (0, 1) and p G (2,(7) so that d = {1 — u){d — 
j3) + v{d — 2 + q) and 1/p = (1 — i^)/2 + Then Fp^d (resp. Lp^rf(0,T)) becomes a complex 
interpolation space of F2^d~i3 and Fq^d~2+q (resp. L2,d_/3(0,T) and 'hq^d~2+q{0,T)), that is, 

•^p,d = W2,d~~l3,Fq4-2+q]u, ^p,d{0 ,T) = \L,24- ,T) ,I^q^d~2+q{C> ,T)]y . 

(See Proposition 2.4 of [27] and Theorem 5.1.2 of [2] for details). It follows from the interpolation 
theory that 7?. is a bounded linear map from J-p^ to Lp^d((!?, T) (see Theorem (a) on Page 59 of 
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. This proves the claim for above fixed p. Now for 2 < p' < p, it is enough to notice that for 
u' so that l/p = {1- v')/2 + v' Ip, 

J'p'A = [F24.FpAv'^ V,d(C,r) = [L2,d(0,r),Lp,rf(0,r)],/. 
It follows that 7^ is a bounded linear map from Fp'^d to Lp/ ,i(C',r). The theorem is proved. 
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